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Abstrat
Let T be an R-tree with a very small ation of a free group FN
whih has dense orbits. Suh a tree T or its metri ompletion T are
not loally ompat. However, if one adds the Gromov boundary ∂T to
T , then there is a oarser observers' topology on the union T ∪∂T , and
it is shown here that this union, provided with the observers' topology,
is a ompat spae T̂ obs.
To any R-tree T as above a dual lamination L2(T ) has been assoi-
ated in [CHLII℄. Here we prove that, if two suh trees T0 and T1 have
the same dual lamination L2(T0) = L
2(T1), then with respet to the
observers' topology the two trees have homeomorphi ompatia-
tions: T̂ obs0 = T̂
obs
1 . Furthermore, if both T0 and T1, say with metris
d0 and d1 respetively, are minimal, this homeomorphism restrits to
an FN -equivariant bijetion T0 → T1, so that on the identied set
T0 = T1 one obtains a well dened family of metris λd1 + (1 − λ)d0.
We show that for all λ ∈ [0, 1] the resulting metri spae Tλ is an
R-tree.
Introdution
Geodesi laminations L on a hyperboli surfae S are a entral and muh
studied objet in Teihmüller theory. A partiularily interesting and some-
times disturbing fat is that there exist minimal (arational) geodesi lami-
nations that an arry two projetively distint transverse measures. Suh
minimal non-uniquely ergodi laminations were rst disovered by W. Veeh
[Vee69℄ and by H. Keynes and D. Newton [KN76℄.
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The lift L˜ of a geodesi lamination L, provided with a transverse mea-
sure µ, to the universal overing of the surfae S gives rise to a anonial
dual R-tree Tµ, whih has as points the leaves of L˜ and their omplementary
omponents. The metri on Tµ is given by the lift of the transverse measure
µ to L˜, and the ation of pi1S on S˜ ⊂ H indues an ation on Tµ by isome-
tries. We assume that S has at least one boundary omponent, so that the
fundamental group of S is a free group pi1S = FN of nite rank N ≥ 2. For
more details see [Mor86, Sha87, CHLII℄.
Distint measures µ and µ′ on L give rise to dual R-trees whih are
not FN -equivariantly isometri. However, the fat that the two measures
are arried by the same geodesi lamination L is sometimes paraphrased by
asserting that topologially the two trees Tµ and Tµ′ are the same. We will
see below to what extend suh a statement is justied.
In the broader ontext of very small ations of FN on R-trees one an ask
whether the analogous phenomenon an our for an R-tree T whih is not
a surfae tree, i.e. it does not arise from the above onstrution as dual tree
to some measured lamination on a surfae S with pi1S ∼= FN . An interest-
ing suh example an be found in the Ph.D.-thesis of M. Bestvina's student
R. Martin [Mar95℄. Again, in his example there is a kind of underlying geo-
metri lamination whih is invariant for dierent metris on the dual tree:
the novelty in R. Martin's example is that the lamination (or rather, in his
ase, the foliation,) is given on a nite 2-omplex whih is not homeomorphi
to a surfae. Suh ations have played an important role in E. Rips' proof of
the Shalen onjeture: they have been termed geometri by G. Levitt, and
Levitt or thin by others (the latter terminology being more spei in that it
exludes for example surfae trees). They represent, however, by no means
the general ase of a very small FN -ation on an R-tree, (see [GL95, Bes02℄).
In a series of preeding papers [CHLI, CHLII, CHLIII℄ the tools have
been developed to generalize the above two speial situations (surfae and
thin) skethed above.
As usual, ∂FN denotes the Gromov boundary of FN and, ∂
2FN = (∂FN )
2r
∆ is the double boundary, where ∆ is the diagonal. An algebrai lamination
is a non-empty losed, FN -invariant, ip-invariant subset of ∂
2FN (see De-
nition 2.5). This denition mimiks the set of pairs of endpoints assoiated
to any leaf in the lift L˜ of a lamination L ⊂ S as above.
To any R-tree T with an isometri FN -ation we assoiate a dual algebrai
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lamination L2(T ) (without measure), whih is dened as limit of onjugay
lasses in FN with translation length in T tending to 0. Moreover, if T is
minimal and has dense orbits, two other equivalent denitions of L2(T ) have
been given in [CHLII℄.
In this paper, we use the denition based on the map Q introdued in
[LL03℄; Q is an FN -equivariant map from ∂FN onto T̂ = T ∪ ∂T , where T is
the metri ompletion of T , and ∂T its Gromov boundary. Details are given
in 2 below. The dual algebrai lamination of T is the set of pairs of distint
boundary points whih onverge in T to the same point Q(X) = Q(X ′).
In partiular, in the above disussed ase of a surfae tree T = Tµ, the dual
algebrai lamination L2(T ) an be derived diretly from the given geodesi
lamination L, and onversely.
The mapQ is a strong and useful tool in many irumstanes, for example
in the proof of our main result:
Theorem I. Let T0 and T1 be two R-trees with very small minimal ations
of FN , with dense orbits. Then the following two statements are equivalent:
(1) L2(T0) = L
2(T1).
(2) The spaes T̂0 and T̂1, both equipped with the observers' topology, are
FN -equivariantly homeomorphi.
Moreover, the homeomorphism of (2) restrits to an FN -equivariant bi-
jetion between T0 and T1.
The observers' topology on the union T̂ = T ∪ ∂T is introdued and
studied in 1 below. It is weaker than the topology indued on T̂ by the
R-tree's metri, but it agrees with the latter on segments and also on nite
subtrees. The dierene between the two topologies is best illustrated by
onsidering an innite multi-pod T∞, i.e. a tree whih onsists of a entral
point Q and innitely many intervals [Pi, Q] isometri to [0, 1] ⊂ R attahed
to Q. Any sequene of points Qi ∈ [Pi, Q) onverges to Q in the observers'
topology, while in the metri topology one needs to require in addition that
the distane d(Pi, Q) tends to 0. In omparison, reall that in the ellular
topology (i.e. T∞ interpreted as CW-omplex) no suh sequene onverges.
In the ase of a surfae S with a marking pi1S = FN , there are several
models for the Teihmüller spae T (S) and its Thurston boundary ∂T (S).
Either it an be viewed as a subspae of PRFN , through the lengths of losed
geodesis on the surfae S, equipped with a hyperboli struture (that varies
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when one moves within T (S)). In a seond model, the boundary ∂T (S) an
be viewed as the spae of projetive measured geodesi laminations. Going
from the seond model to the rst one is ahieved through onsidering degen-
erated hyperboli length funtions, eah given by integrating the transverse
measure µ on a geodesi lamination L one around any given losed geodesi.
Alternatively, this amounts to onsidering the translation length funtion of
the R-tree Tµ dual to the measure lamination (L, µ), see [Mor86℄.
We point out that ∂T (S) is not a onvex subset of PRFN . However, the
set of projetive lasses of tranverse measures on a given minimal (arational)
geodesi lamination L is a nite dimensional simplex ∆(L). The extremal
points of ∆(L) are preisely the ergodi measures on L.
In striking analogy to Teihmüller spae and its Thurston boundary, for
the free group FN a ousin spae CVN has been reated by M. Culler and
K. Vogtmann [CV86℄. The points of this Outer spae CVN or its boundary
∂CVN are preisely given by all non-trivial minimal R-trees, provided with
a very small FN -ation by isometries, up to FN -equivariant homothety (see
[CL95℄).
Just as desribed above for ∂T (S), there is a anonial embedding of
CVN = CVN ∪ ∂CVN into PR
FN
, whih assoiates to any homothety lass [T ]
of suh an R-tree T the projetive vetor of translation lengths ‖w‖T , for all
w ∈ FN . (For more detail and bakground see [Vog02℄.) Hene, for any two
homothety lasses of trees [T0], [T1] ∈ CVN , there is a line segment [T0, T1] ⊂
RFN whih is given by the set of onvex ombinations of the orresponding
translation length funtions. Again CVN is not a onvex subspae of PR
FN
:
In general, these onvex ombinations are not length funtions that ome
from R-trees, and hene the projetive image of this line segment does not
lie inside CVN . However, we prove:
Theorem II. Let T0 and T1 be two minimal R-trees with very small ations
of FN , with dense orbits. Then statement (1) or (2) of Theorem I implies:
(3) The projetivized image of the segment [T0, T1] ⊂ R
FN
of onvex ombi-
nations of T0 and T1 is ontained in CVN .
Our results raise the question of what atually a non-uniquely ergodi
R-tree is. Indeed, even this very terminology has to be seriously questioned.
In the ase of trees that are dual to a non-uniquely ergodi surfae lam-
ination, distint measures on the lamination give rise to metrially distint
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trees. For the general kind of R-trees T that represent a point in ∂CVN , how-
ever, an invariant measure µ on the dual algebrai lamination L2(T ) (alled
in this ase a urrent, see [Ka06℄) is not diretly related to the metri d on
T , but muh rather denes a dual (pseudo-)metri dµ on T . It has been
shown in [CHLIII℄ that in general dµ is projetively quite dierent from the
original metri d. Hene we insist on the importane of making a lear dis-
tintion between on the one hand trees with dual algebrai lamination that is
non-uniquely ergodi (in the sense that it supports two projetively distint
urrents) and on the other hand the phenomenon onsidered in this paper
(see Theorem I). We suggest the following terminology:
Let T be an R-tree with a minimal FN -ation with dense orbits. T (or
rather T̂ obs) is alled non-uniquely ergometri if there exists a projetively
dierent FN -invariant metri on T suh that the two observers' topologies
oinide.
Prospetive: The work presented in this paper is primarily meant as an an-
swer to a natural question issuing from our previous work [CHLI, CHLII,
CHLIII℄, namely: To what extend does the dual algebrai lamination L2(T )
determine T ? We also hope that this paper is a starting point for a new on-
eptual study of non-unique ergodiity (or rather: non-unique ergometri-
ity) for R-trees with isometri FN -ation. A rst treatment of this subjet,
purely in the spirit of property (3) of Theorem II above, has been given in
5 of [Gui00℄ (ompare also [Pau95℄). We believe, however, that there are
several additional, rather subtle topis, whih also ought to be adressed in
suh a study, but whih do not really onern the main purpose of this paper.
To put our paper in the proper mathematial ontext, the authors would like
to note:
(1) The natural question, whether the homeomorphism from part (2) of The-
orem I does extend to an FN -equivariant homeomorphism T0 → T1 with
respet to the metri topology, has a negative answer. Even non-uniquely er-
godi surfae laminations give already rise to ounterexamples (see [CHLL℄).
(2) There are interesting reent results of V. Guirardel and G. Levitt (see
[GL℄) regarding the onverse (under adapted hypotheses) of the impliation
given in our Theorem II above.
(3) There have been several attempts to introdue tree-like strutures by
purely topologial or ombinatorial means, whih generalize (or are weaker
than) R-trees viewed as topologial spaes. In partiular we would like to
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point the reader's attention to the work of B. Bowdith [Bow99℄ and that
of J. Mayer, J. Nikiel and N. Oversteegen [MNO92℄, who also onsider om-
patied trees. The observers' topology seems to be a speial ase of what
they all a real tree, and hene our ompatiation T̂ obs is what they all
a dendron.
(4) In the reent book [FJ04℄ by C. Favre and M. Jonsson one nds again
the observers' topology under the name of weak topology, introdued for
a rather dierent purpose, namely to study the tree of valuations for the
algebra C[[x, y]]. Some of the material of our setion 1 an be found in [FJ04℄
or already in [MNO92℄, but translating the referenes into our terms would
be more tedious and less omfortable for the reader than an independent
presentation with a few short proofs as provided here.
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1 The observers' topology on an R-tree
Let (M, d) denote a spaeM provided with a metri d. The spaeM is alled
geodesi if any two points x, y ∈M are joined by an ar [x, y] ⊂M , and this
ar is geodesi: it is isometri to the interval [0, d(x, y)] ⊂ R. (Reall that
an ar is a topologial spae homeomorphi to a losed interval in R, and an
ar joins points x and y if the homeomorphism takes the boundary points of
the interval to {x, y}.)
The following remarkable lass of metri spaes has been introdued by
M. Gromov (ompare [GdlH90℄):
Denition 1.1. A metri spae (M, d) is alled δ-hyperboli, with δ ≥ 0, if
for any 4 points x, y, z, w ∈ M one has (x, z)w ≥ min{(x, y)w, (y, z)w} − δ,
where (x, z)w =
1
2
(d(w, x) + d(w, z)− d(x, z)).
Consider three not neessarily distint points P1, P2, P3 ∈ M . We say
that Q ∈ M is a enter of these three points if for any i 6= j one has
d(Pi, Pj) = d(Pi, Q) + d(Pj, Q).
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Denition 1.2. An R-tree T is a metri spae whih is 0-hyperboli and
geodesi.
Alternatively, a metri spae T is an R-tree if and only if any two points
P,Q ∈ T are joined by a unique ar [P,Q] ⊂ T , and this ar is geodesi.
We derive diretly from the denitions:
Lemma 1.3. In every R-tree T any triple of points P,Q,R ∈ T possesses a
unique enter Z ∈ T . For any further point W ∈ T the point Z is also the
enter of the triple W,P,Q if and only if one has:
(P,Q)W ≥ max{(P,R)W , (Q,R)W}. ⊔⊓
For any R-tree T we denote by T the metri ompletion, by ∂T the
(Gromov) boundary, and by T̂ the union T ∪ ∂T . A point of ∂T is given
by a ray ρ in T , i.e. an isometri embedding ρ : R≥0 → T . Two rays ρ,
ρ′ determine the same point [ρ] of ∂T if and only if their images im(ρ) and
im(ρ′) dier only in a ompat subset of T .
The metri on T extends anonially to T , and it denes anonially a
topology on T̂ (alled below the metri topology): A neighborhood basis of a
point [ρ] is given by the set of onneted omponents of T r {P} that have
non-ompat intersetion with im(ρ), for any point P ∈ T . We note that in
general T̂ is not ompat.
The metri ompletion T is also an R-tree. For any two points P,Q in T ,
the unique losed geodesi ar [P,Q] is alled a segment. If P or Q or both
are in ∂T , then [P,Q] denotes the (bi)innite geodesi ar in T̂ joining P to
Q, inluding the Gromov boundary point P or Q.
A point P in T̂ is an extremal point if Tr{P} is onneted, or equivalently,
if P does not belongs to the interior [Q,R]r{Q,R} of any geodesi segment
[Q,R]. Note that every point of ∂T is extremal, and so is every point of
T rT . We denote by
◦
T the set T without its extremal points, and all it the
interior tree assoiated to T . Clearly
◦
T is onneted and hene an R-tree.
For two distint points P,Q of T̂ we dene the diretion dirP (Q) of Q at
P as the onneted omponent of T̂ r {P} whih ontains Q.
Denition 1.4. On the tree T̂ we dene the observers' topology as the topol-
ogy generated (in the sense of a subbasis) by the set of diretions in T̂ . We
denote the set T̂ provided with the observers' topology by T̂ obs.
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As every diretion is an open subset of T̂ (i.e. with respet to the metri
topology), the observers' topology is weaker (= oarser) than the metri
topology. The identity map T̂ → T̂ obs is ontinuous, and isometries of T
indue homeomorphisms on T̂ obs.
The observers' topology has some triky sides to it whih ontradit ge-
ometri intuition. For further referene we note the following fats whih
follow diretly from the denitions:
(a) An open ball in T is in general not open in T̂ obs.
(b) Every losed ball in T is losed in T̂ obs. Note that losed balls are in
general not ompat in T̂ , but, as will be shown below, they are ompat in
T̂ obs.
() An innite sequene of points turning around a branh point P (i.e.
staying in every diretion at P only for a nite time) onverges in T̂ obs to P .
This last property justies the name of this new topology, whih was
suggested by V. Guirardel: The topology measures only what an be seen
by any set of observers that are plaed somewhere in the tree. We note as
diret onsequene of the above denitions:
Remark 1.5. The restrition of the observers' topology and the restrition
of the metri topology agree on ∂T . Moreover, the two topologies agree on
any nite subtree (= the onvex hull of a nite number of points) of T .
Lemma 1.6. T̂ obs is onneted and loally arwise onneted.
Proof. As the observer topology is weaker than the metri topology, any path
for the metri topology is a path for the observers' topology. As T̂ is arwise
(and loally arwise) onneted, it follows that T̂ obs is arwise onneted, and
that elementary open sets (= nite intersetions of diretions) are arwise
onneted. ⊔⊓
Proposition 1.7. T̂ and T̂ obs have exatly the same onneted subsets. All
of them are arwise onneted for both topologies.
Proof. A onneted subset of T̂ is arwise onneted, and therefore it is also
arwise onneted in the observers' topology.
Let C be a onneted subset of T̂ obs, and assume that it is not onneted
in the metri topology. Then it is not onvex, and hene there exists points
Q and R in C as well as a point P in [Q,R] whih is not ontained in C. Now
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U = dirP (Q) and V = T̂
obsr (dirP (Q)∪{P}) are two disjoint open sets that
over C, with Q ∈ U ∩ C and R ∈ V ∩ C. This ontradits the assumption
that C is onneted. ⊔⊓
It follows diretly from Proposition 1.7 that an extremal point of T̂ is also
extremal (in the analogous sense) in T̂ obs. In partiular we an extend the
notion of the interior tree to T̂ obs, and obtain:
Remark 1.8. The interior trees assoiated to T̂ and to T̂ obs are the same
(as subsets).
We now observe that in
◦
T enters as well as segments have a very straight-
forward haraterization in terms of diretions.
Lemma 1.9. (a) A point Z ∈ T̂ is the enter of three not neessarily distint
points P1, P2, P3 ∈
◦
T if and only if for any i 6= j the points Pi and Pj are not
ontained in the same onneted omponent of T̂ r {Z}.
(b) A point R ∈ T̂ belongs to a segment [P,Q] ⊂
◦
T if and only if R is the
enter of the triple P,Q,R. ⊔⊓
The lemma, together with Proposition 1.7, gives diretly:
Proposition 1.10. Let T0 and T1 be two R-trees, and assume that there is a
homeomorphism f : T̂ obs0 → T̂
obs
1 between the two assoiated observers' trees.
Then one has:
(a) The enter of any three points in
◦
T 0 is mapped by f to the enter of the
image points in
◦
T 1.
(b) Any segment [P,Q] in
◦
T 0 is mapped to the segment [f(P ), f(Q)] in
◦
T 1.
⊔⊓
Let (Pn)n∈N be a sequene of points in T̂ , and for some base point Q ∈ T̂
onsider the set Im =
⋂
n≥m
[Q,Pn] ⊂ T̂ . We note that Im is a segment
Im = [Q,Rm] for some point Rm ∈ T̂ , and that Im ⊂ Im+1 for all m ∈ N.
Hene there is a well dened limit point P = lim
m→∞
Rm (with respet to
the metri topology, and thus as well with respet to the weaker observers'
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topology), alled the inferior limit from Q of the sequene (Pn)n∈N, whih we
denote by P = lim infQ
n→∞
Pn. Alternatively, P is haraterized by:
[Q,P ] =
∞⋃
m=0
⋂
n≥m
[Q,Pn].
It is important to notie that, without further restritions, the inferior
limit P from some point Q of the sequene (Pn)n∈N is always ontained in
the losure of the onvex hull of the Pn, but its preise loation does in fat
depend on the hoie of the base point Q. However, one obtains diretly
from the denition:
Lemma 1.11. Let (Pk)k∈N be a sequene of points on T̂
obs
, and let D be any
diretion of T̂ . Then one has:
(a) If all Pk are ontained in D, then for any Q ∈ T̂
obs
the inferior limit
lim infQ
k→∞
Pk is ontained in the losure D of D.
(b) If for some Q ∈ T̂ obs the limit inferior lim infQ
k→∞
Pk is ontained in D, then
innitely many of the Pk are ontained in D as well.
() If lim infQ
k→∞
Pk lies in D and if the point Q is not ontained in D, then all
of the Pk will eventually be ontained in D as well. ⊔⊓
Lemma 1.12. If a sequene of points Pn onverges in T̂
obs
to some limit
point P ∈ T̂ obs, then for any Q ∈ T̂ one has:
P = lim inf
n→∞
Q Pn
Proof. From the denition of the topology of T̂ obs it follows that any diretion
D in T̂ obs that ontains the limit P will ontain all of the Pn with n suiently
large. From Lemma 1.11 (a) it follows that for any Q ∈ T̂ obs the point
R = lim inf
n→∞
Q Pn is ontained in the losure D, whih proves the laim. ⊔⊓
We onlude this setion with the following observation, whih will be
used in setion 2, but may also be of independent interest. Note that, sine
any metri spae whih ontains a ountable dense subset is separable, any R-
tree T with an ation of a nitely generated group by isometries is separable,
if T is minimal or has dense orbits (see Remark 2.1).
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Proposition 1.13. T̂ obs is Hausdor. Moreover, if T is separable, then T̂ obs
is separable and ompat.
Proof. It follows diretly from the denition that T̂ obs is Hausdor. Assume
now that T is separable. It thus ontains a ountable dense subset χ0, and
hene also a ountable subset χ with the property that χ intersets all non-
trivial geodesis of T̂ : Suh a χ is given for example as the set of midpoints
of any pair from χ0 × χ0.
We onsider the set of all diretions of the form dirP (Q) with P,Q ∈ χ,
and their nite intersetions. It is not hard to see that this is a ountable set
whih is an open neighborhood basis for the topology of T̂ obs.
We now prove that in this ase T̂ obs is ompat. Let (Pn)n∈N be a sequene
of points in T̂ obs and let (Di)i∈N be a ountable family of diretions that
generates the open sets of T̂ obs. By extrating a subsequene of (Pn)n∈N we
an assume that for eah diretion Di the sequene (Pn)n∈N is eventually
inside or outside of Di. We now x some point Q ∈ T̂
obs
and onsider the
limit inferior P = lim inf
n→∞
Q Pn from Q. It follows from Lemma 1.11 (b) that
every diretion Di that ontains P must ontain innitely many of the Pn,
and hene, by our above extration, all but nitely many of them. This
means that the sequene (Pn)n∈N onverges in T̂
obs
to P . ⊔⊓
2 The map Q and the observers' topology
From now on let T be an R-tree with a very small minimal ation of a free
group FN by isometries, and assume that some (and hene any) FN -orbit of
points is dense in T .
Remark 2.1. An (ation on an) R-tree is minimal if there is no proper
invariant subtree. The minimal hypothesis is very natural as every R-tree
in CVN is minimal. A minimal tree T is equal to its interior
◦
T . Note also
that the interior of a tree with dense orbits is minimal.
For suh trees there is a anonial map Q : ∂FN → T̂ whih has been
dened in several equivalent ways in [LL03, LL04℄. Here we use the following
denition, whih emphasizes the link with the observers' topology.
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Remark 2.2 ([LL03, LL04℄). For all X in ∂FN , for any sequene (wi)i∈N in
FN whih onverges to X and for any point P of T , the point
Q(X) = lim inf
i→∞
P wiP ∈ T̂
is independent from the hoie of the sequene (wi)i∈N and from that of the
point P .
To get some intuition and familiarity with the mapQ the reader is refered
to [CHLII℄. The following fat was pointed out to us by V. Guirardel:
Proposition 2.3. The map Q : ∂FN → T̂
obs
is ontinuous.
Proof. We onsider any family of elements Xk ∈ ∂FN that onverges to some
X ∈ ∂FN , with the property that the sequene of images Q(Xk) onverges
in T̂ obs to some point Q ∈ T̂ obs. Sine ∂FN and T̂
obs
are ompat (see
Proposition 1.13), it sues to show that for any suh family one has Q =
Q(X). We suppose this is false, and onsider a point S in the interior of the
segment [Q,Q(X)].
We then onsider, for eah of the Xk, a sequene of elements wk,j ∈ FN
that onverges (for j → ∞) to Xk. It follows from the denition of Q that
for large k the point Q(Xk) must be ontained in D = dirS(Q). But then, by
Remark 2.2 and Lemma 1.11 (), for large j and any P outside D the point
wk,jP must also be ontained in D. Hene there exists a diagonal sequene
wk,j(k) whih onverges to X where all wk,j(k)P are ontained in D. But then
Remark 2.2 and Lemma 1.11 (a) implies that Q(X) is ontained in D, a
ontradition. ⊔⊓
Clearly, the map Q is FN -equivariant. Moreover, for the onveniene of
the reader, we inlude a (new) proof of the following result.
Proposition 2.4 ([LL03℄). The map Q : ∂FN → T̂
obs
is surjetive.
Proof. By the previous proposition, the image ofQ is a ompat FN -invariant
subset of T̂ obs. By hypothesis, FN -orbits are dense in T for the metri
topology. This implies that FN -orbits are dense in the metri ompletion
T . Therefore, FN -orbits are dense in T for the weaker observers' topology
and the FN -orbit of any point in T is dense in T̂
obs
. It only remains to prove
that the image of Q ontains a point in T . This is an easy onsequene of
the fat that the ation of FN is not disrete. ⊔⊓
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Consider the double boundary ∂2FN = ∂FN × ∂FN r∆, where ∆ stands
for the diagonal. It inherits anonially from ∂FN a topology, an ation of
FN , and an involution (alled ip) whih exhanges the left and the right
fator. For more details see [CHLI℄, where the following objets have been
dened and studied.
Denition 2.5. A non-empty subset L2 of ∂2FN is an algebrai lamination
if its losed, FN -invariant and invariant under the ip involution.
In [CHLII℄ for any R-tree T with isometri FN -ation the dual algebrai
lamination L2(T ) has been dened as the set of all aumulation points of
any family of onjugay lasses with translation length on T that tends to
0. If the FN -orbits are dense in T , then it is proven in [CHLII℄ that L
2(T ) is
given alternatively by:
L2(T ) = {(X,X ′) ∈ ∂2FN | Q(X) = Q(X
′)}
Here we fous on the equivalene relation on ∂FN whose lasses are bers of
Q, and we denote by ∂FN/L
2(T ) the quotient set. The quotient topology
on ∂FN/L
2(T ) is the nest topology suh that the natural projetion pi :
∂FN → ∂FN/L
2(T ) is ontinuous. The map Q splits over pi, thus induing a
map ϕ : ∂FN/L
2(T ) → T̂ obs with Q = ϕ ◦ pi, as represented in the following
diagram:
∂FN
pi
&& &&L
LL
LL
LL
LL
L
Q


∂FN/L
2(T )
ϕ
∼=
yyrr
rr
rr
rr
rr
T̂ obs
By denition of ∂FN/L
2(T ) and by the surjetivity of Q, the map ϕ is a
bijetion. The maps Q and pi are ontinuous, and, by virtue of the quotient
topology, so is ϕ. As T̂ obs is Hausdor and ϕ is ontinuous, ∂FN/L
2(T ) must
also be Hausdor. Sine pi is onto and ontinuous, and ∂FN is ompat, it
follows that ∂FN/L
2(T ) is ompat. Now ϕ is a ontinuous surjetive map
whose domain is a ompat Hausdor spae, whih shows:
Corollary 2.6. The map ϕ : ∂FN/L
2(T )→ T̂ obs is a homeomorphism. ⊔⊓
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This shows that T̂ obs is ompletely determined by the dual algebrai lam-
ination L2(T ) of the R-tree T . As the above dened maps pi, ϕ and Q are all
FN -equivariant, we obtain:
Proposition 2.7. Let T0 and T1 be two R-trees with very small ations
of FN , with dense orbits. If L
2(T0) = L
2(T1), then T̂
obs
0 and T̂
obs
1 are FN -
equivariantly homeomorphi. This homeomorphism ommutes with the anon-
ial maps Q0 : ∂FN → T̂
obs
0 and Q1 : ∂FN → T̂
obs
1 :
∂FN/L
2(T )
∼=
yyss
ss
ss
ss
ss ∼=
%%K
KK
KK
KK
KK
K
T̂ obs0 T̂
obs
1
⊔⊓
Proof of Theorem I. The statement of Proposition 2.7 gives diretly the im-
pliation from (1) to (2) in Theorem I of the Introdution, and, in fat, it
seems slightly stronger. However, it follows diretly from the denition of
the map Q and Remark 2.2 that any FN -equivariant homeomorphism as in
Proposition 2.7 also satises the orresponding ommutative diagram. In
partiular, the onverse impliation from (2) to (1) in Theorem I is then a
diret onsequene of Corollary 2.6.
The last part of Theorem I follows from the fat that T0 and T1 are equal
to their interior (see Remark 2.1). ⊔⊓
3 The proof of Theorem II
Let T0 and T1 be two R-trees with very small FN -ations with dense orbits,
and assume that L2(T0) = L
2(T1). Then by Proposition 2.7 the assoiated
observers' trees T̂ obs0 and T̂
obs
1 are FN -equivariantly homeomorphi.
Through the homeomorphism we identify T̂ obs0 and T̂
obs
1 . This set is
equipped with three topologies (the two metri topologies and the observers'
topology). In setion 1 we have proved that they all have the same onneted
subsets. In partiular, they have the same interior tree
◦
T (see Remark 1.8),
whih is also the interior tree of T0 and of T1. On this interior tree
◦
T both,
the metri d0 from T0 and the metri d1 from T1, are well dened (and nite).
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Sine any non-negative linear ombination of two metris on the same
spae denes a new metri on this spae, we an dene, for any λ in [0, 1],
the distane
dλ = λd1 + (1− λ)d0
on
◦
T , to obtain a metri spae
◦
T λ. It is immediate that FN ats on
◦
T λ by
isometries.
Proposition 3.1. For any λ ∈ [0, 1] the metri spae
◦
T λ is a an R-tree.
Proof. By Proposition 1.10 (a) the enter of any triple of points with respet
to d0 is also the enter with respet to d1. By Lemma 1.3 the three Gromov
produts of any triple of points P,Q,R ∈
◦
T with respet to a fourth point
W ∈
◦
T are either all three equal for both, d0 and d1, or else the maximal
one omes from the same pair for both metris, and hene the other two
pairs have idential Gromov produt with respet d0 and d1, by Denition
1.1. In both ases the inequality from Denition 1.1 follows diretly for dλ,
so that
◦
T λ is 0-hyperboli. Furthermore, Proposition 1.10 (b) assures us
that in
◦
T , and hene in any
◦
T λ, for any two points P,Q ∈
◦
T there is a well
dened segment [P,Q] whih agrees with the segment oming from T0 as well
with that from T1. By Remark 1.5 the topology on suh a segment is the
same for the three topologies arried by
◦
T , and hene it also agrees with
the topology given by any of the Tλ. Thus the dλ-metri gives an isometry
of this segment to the interval [0, dλ(P,Q)] ⊂ R. This shows that
◦
T λ is a
0-hyperboli geodesi spae, i.e. an R-tree. ⊔⊓
Proof of Theorem II. Notie rst that the assumption in Theorem II, that
both trees T0 and T1 are minimal, implies that both agree with their interior
subtree (ompare Remark 2.1), and hene both an be identied anonially
with
◦
T as above. We now apply Proposition 3.1 and observe that a linear
ombination of the two metris d0 and d1 on
◦
T implies diretly that the
orresponding translation length funtions are given by the analogous linear
ombination. This establishes statement (3) from Theorem II as a diret
onsequene. ⊔⊓
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